AXISYMMETRIC THERMOELASTICITY PROBLEM
FOR A CYLINDER WITH A SLOT

B. A. Kudryavtsev UDC 539.377

The axisymmetric thermoelastic state of an isotropic,circular, infinite cylinder with an
external annular groove is considered. It is assumed that uniformly distributed heat
sources act on part of the slot surface, while the side surface of the cylinder is heat
insulated. A formula is obtained to determine the normal stresses in the plane of the
slot.

1. Let us consider a cylindrical r, ¢, z coordinate system whose z axis coincides with the longi-
tudinal axis of an infinite solid cylinder with an external annular slot (b=r =R) in the z =0 plane (Fig. 1).
Let uniformly distributed heat sources with intensity W, act on a part of the slot surface (e =r=R, a>h).
It is assumed that the side surface of the cylinder is heat insulated, free of tangential stresses, and fixed
so that its points have no radial displacements.

Taking account of the symmetry condition relative to the z =0 plane, let us examine the action of the
heat sources distributed uniformly over the annular domain a=<r=R, z=0. In this case the temperature
function satisfying the condition

oIl _o (1.1)

—aT r=R -
is a solution of the equation

W , & 1 9 a2
AT =— 8@ —a), A=z -+ 5tz (1.2)
where A is the heat conduction coefficient, 6(z) is a é-function,

nr—a)=1  ¢>a, nr—a=0 (<9
Using the integral representation
8(2) = % S cos Azdh
0

and the Bessel function expansion

o

a Ji(h,a/R)Jo(d,r | R)
nr—a)= _Z—R—EI }"n‘,"z(xn)" (1.3)
we find a solution of (1.2) in the form
w o J1( ) Jo (Ap)
T(r,z)=—5-aR EWM‘E (1.4)
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z Here a =a/R, p=1/R, t =z/R, Ay(n=1, 2, 3, ...) are positive roots of the
jo p ¢ n p

equation Jy'(Ap) =0 in order of increasing magnitude.
1) (1)

The stresses ojj and displacements uj "~ in the semiinfinite cylinder 0=z<
2a o, 0=r=R due to this temperature field (1. 4) can be found by using the thermo-
elastic potential ¢ satisfying the equation [1]

24
2F

AD = ml, m= :j:aT (1.5)

where a is the coefficient of linear expansion of the material. Taking account

CF\_/ of (1.4), let us write the solution of (1.5) as

Fig. 1

mWoRS i J1 (A0 Jo (b 0)

D (r,z) = 51 Ty Lo (M) (1.6)

The stress and displacement components corresponding to the thermoelastic potential (1.6) will sat-
1sfy the following conditions on the side surface r =R and the endface z =0 of the cylinder:

R (R2)=0, uP(R2=0 for 0<z< 00 .7
5$1z’("70)=0, 09:’(7‘,0)=-——GmT(r,0) for 0Sr<<R (1.8)

In order for the edges of the annular slot b=r =R, z=0 to be free of loads, it is necessary to impose
a state with the components oy; @) ul(Z) which satisfy the conditions

o (r,0) = — o2 (r, 0), b<r<R, u® (r,0)=0, 0<r<h _ (1.9)
o2 (r, 0) = 0<r<R (1.10)
o (R,2) =0, u‘,”(R,z):O, 0<z<C 0 (1.11)

on the stress-strain state crij(”, u; (1),

Since the tangential stresses arz(z) equal zero in the z =0 plane, the displacements and stresses may
then be expressed in terms of just one harmonic axisymmetric function ¢ (r, z) {2]

@ _ 99 (2) A
uf =z o (1~ W), =26z (1.12)
Here G is the shear modulus of the cylinder material.

Selecting the harmonic function ¢(r, z) in the form

v() = v) Z 5 Bado (hap) 7 (1.13)

we find that the conditions (1.10) and (1.11) are satisfied identically. Satisfying the conditions (1.9), we ob-
tain dual series equations

o

1 .
25 Bolulhap) =0, 0<p<B (1.19)
n=1
Woa o i A, Jo (A, p)
EB Tolap) =~V m== 2 —prase, B<p<! (1.15)

where
3="b/R

2. The solution of the dual equations of the form (1.14), (1.15) has been obtained in [4, 5]. The prob-
lem of the impression of a stamp in the endfaces of a semiinfinite cylinder [3] also reduced to analogous
equations.

Using the relationship

W J](}vnd)
By = (1 — ) =3~ —yag.y + Bt (2.1)
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K* \ " let us represent (1.14) and (1.15) as
o 1 Woa < J1(,2)
iy \ 277 Bt lhad) = — (1 =) 755 3 3y oy o () (2.2)
Fr az 21 B’n*JO (xnp) = 07 B< Y < 1‘ (2 .3)
215 >\S
a; \ . Following [5], we obtain
7 S < 14§ d
4.2 2.4 2] tg (1) dt
3 B, Jo(xnp)——T—dp—j e, 0<p<B (2.4)
~0.15 By means of the formula defining the coefficients of the Dini ex-
Fig. 2 pansion we find
8
B* = ————2—S (t) cos A tdt
LR ATV ) og n (2.5)

Substituting the expression for By * into (2.2) and taking into account [5]

Jo (A, p)cosh, t 0,0t
2 ZI x Jo? (A’ ) = (t’ P) + {(92 _ tz)._th’ p>t
2% me (2.6)
Lo =2YT=F+ —3—5 - oh 8 211 ) — B0 ()1 d

we obtain a Fredholm integral equation of the second kind to determine the function g(t) after appropriate
manipulation [5]:

WD,, 2 o~ T3 (hy0) 005 Ayt
1,300 (A,)

g(t)_jg(u)K(u tydu — (A —v)m

2.7

~

K@) =5 | T2l q p =t ﬁi‘é), [21; (8) — & ch (¢£) ch (uE)] &

0

Here I;(¢), K(£) are the modified Bessel functions of first and second order, respectively.

To evaluate the sum in the right side of (2.7), let us multiply (1.3) by p(tz-pz)‘i/ 2 and let us integrate
with respect to p between 0 and t.

We obtain

9y Z Jl(k @)sind,t VEZE® ¢>a
A | ¢ (t<a)

Integrating the last expression with respect to t, we find

J (7\, o) cos At 2
20 2’ - s_]'z(;v) =A(d')'_’tz‘
(2.8)
R )
A (OC) = 20 El—;”"s 7 ()‘D-
Therefore, (2.7) becomes
B
WoR 2
g0 = g0 K@ Hdu—(1— -5 [40)— 5] (2.9)
[}

The kernel K(u, t) of (2.9) can be represented as

K ty=) by (u)t™
m=0

4 Ts2!
bo(w) =+ [ T* = 3 2]

8==1
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m s—“ o2
bym () = — 2 (2;);?2:_ o m=h2.)

Tzs 1 n
2Bl (s -1 § I E 4

I* — (2.10)

EM&

Numerical values of the coefficients Ty, are presented in [4].

Taking account of the expansion (2.10), the solution of the integral equation (2.9) can be sought as
g(t)= 2 Qpmt™ (2.11)
m=0
where the coefficients Qym are determined from the infinite system

Zozkcm m— (=) m T[4 @) 8" — 58,1 m=042..)

4 g2k 4 s T, pas+2iet _
w0 = (14 ) s — ~wA mernEy o)
Tamyae-of 72 k=0,1,2...; m=1,2
czk.am=“'-n'f§1 Cm) (% —2) 2k + 25 — 1) =04,2...;m=12..)
, (2.12)
s J._{i, m=j
™10, mE]
Using (1.12), (2.1),and (2.4}, we find the normal stresses in the z =0 plane
(2) G 1 d ezt
o2 (r,0) = GmT (p, 0) + 75 5 dpS S, 0<o<B (2.19

By using (1.8), (2.11), (2.13), we determine the coefficient of stress intensity for the annular slot

_ !/2_1. 7 . . ! 0 — . G _:Eil/z had 21
alim [VRE—) oz (¢, O] = () EOQZ’"B (2.14)
K= KRV
" GmWoR":

where
6, (P, 0) = o8 (0, 0) + 6% (p, 0)

The dependence of the quantity K* on B is presented in Fig. 2 for different values of a(a; =0.4, a,=
0.6, @3=0.8). These results show that for definite relationships between the quantities ¢ and 8 the origi-
nation of compressive (K <0) normal stresses on the continuation of the annular slot is possible.
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