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The  a x i s y m m e t r i c  t h e r m o e l a s t i c  s t a t e  of an i s o t r o p i c , c i r c u l a r ,  inf in i te  c y l i n d e r  wi th  an  
e x t e r n a l  a n n u l a r  g r o o v e  i s  c o n s i d e r e d .  I t  is  a s s u m e d  tha t  u n i f o r m l y  d i s t r i b u t e d  hea t  
s o u r c e s  ac t  on p a r t  of the  s l o t  s u r f a c e ,  wh i l e  the  s i de  s u r f a c e  of the  c y l i n d e r  i s  hea t  
i n s u l a t e d .  A f o r m u l a  is  o b t a i n e d  to d e t e r m i n e  the n o r m a l  s t r e s s e s  in the  p lane  of the  
s lo t .  

1. Le t  us  c o n s i d e r  a c y l i n d r i c a l  r ,  go, z c o o r d i n a t e  s y s t e m  w h o s e  z ax i s  c o i n c i d e s  w i th  the l o n g i -  
tud ina l  ax i s  of an  in f in i t e  s o l i d  c y l i n d e r  wi th  an  e x t e r n a l  a n n u l a r  s l o t  ( b -  r -- R) in the  z = 0 p lane  (F ig .  1). 
Le t  u n i f o r m l y  d i s t r i b u t e d  hea t  s o u r c e s  w i th  i n t ens i t y  W 0 ac t  on a p a r t  of the  s l o t  s u r f a c e  (a - < r - < R ,  a >b) .  
I t  i s  a s s u m e d  tha t  the  s ide  s u r f a c e  of the  c y l i n d e r  i s  hea t  i n s u l a t e d ,  f r e e  of t a nge n t i a l  s t r e s s e s ,  and  f i x e d  
so  t ha t  i t s  po in t s  have no r a d i a l  d i s p l a c e m e n t s .  

T a k i n g  accoun t  of the  s y m m e t r y  cond i t ion  r e l a t i v e  to  the  z =0 p l ane ,  l e t  us  e x a m i n e  the  ac t i on  of the  
hea t  s o u r c e s  d i s t r i b u t e d  u n i f o r m l y  o v e r  the  a n n u l a r  doma in  a - < r - - R ,  z =0 .  In th i s  c a s e  the  t e m p e r a t u r e  
func t ion  s a t i s f y i n g  the cond i t ion  

I~=R -- 0 (1.1) 

is a so lu t ion  of the  equa t ion  

wo 5 (z) ~1 (r'-- a), h = + + AT = -- -X- -~ -7-~- 0'z ~' 

where I is the heat conduction coefficient, ~(z) is a 5-function, 

q ( r - - ~ )  = I (r > a), ~ l ( r - - a )  = 0 (r<~) 

Us ing  the  i n t e g r a l  r e p r e s e n t a t i o n  

and the B e s s e l  func t ion  e x p a n s i o n  

8 (z) = -~- ~ cos ~,zd~ 
0 

a ~o 21 (~,=a / R) Jo (~',I / R) 

we f ind  a so lu t i on  of (1.2) in the  f o r m  

W ~o j~ (L~,a) Jo (~p) 
T (r, z) = - -  - y -  a R  ~ e-%~ 

0,,,) ~L--1 

( 1 . 2 )  

(1.3) 

(1 .4)  

Moscow.  T r a n s l a t e d  f r o m  Z h u r n a l  P r i k l a d n o i  Mekhan ik i  i T e k h n i c h e s k o i  F i z i k i ,  No. 6, pp.  154-158,  
N o v e m b e r - D e c e m b e r ,  1971. O r i g i n a l  a r t i c l e  s u b m i t t e d  O c t o b e r  12, 1970. 

�9 197.1 Consultants Bureau, a division of Plenum Publishing Corporation, 227 ff'est 17th Street, \:ew York, N. Y. 10011. 
No part of tltis publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, 
electronic, mechanical, photocopying, microfilming, recording or otherwise, without written permission of the publisher. .l 
copy of this article is available from the publisher for $15.00. 

9 1 7  



Z 

l_ ' 2b 

Fig. 1 

Here  a = a / R ,  p = r / R ,  ~ = z / R ,  kn (n= l  , 2, 3, . . . )  a r e  posit ive roots  of the 
equation J0,(Xn)=0 in o rder  of increas ing  magnitude.  

The s t r e s s e s  ~])- and d isp lacements  u~ 1) in the semiinf ini te  cyl inder  0 -~ z < 
~ ,  0 -<r -~R due to this t e m p e r a t u r e  field (1.4) can be found by using the t h e r m o -  
e las t ic  potential  ~ sat isfying the equation [1] 

Aft) = mT,  m = ~ ~ r  

where  o~ T is the coefficient  of l inear  expansion of the ma te r i a l .  
of (1.4), let  us wr i te  the solution of (1.5) as  

(~ ) ( r ' z )  -'~ ~ ~-'ln=l ~"ngJOlt(~") l, n (i .JF ~ )  (1.6) 

(1.5) 

Taking account 

The s t r e s s  and d i sp lacement  components  cor responding  to the t he rmoe la s t i c  potential  (1.6) will s a t -  
isfy the following conditions on the side sur face  r = R  and the endface z =0 of the cyl inder :  

(1) zrz (R ,  z) = O, u~l)(R,z)=0 for 0 ~ < z < z ~  (1.7) 

<~(1). _(1) [ r~ i f ,  O) = O, ozz xr, O) = - -  G m T ( r , O )  for O < ~ . r ~ R  (1.8) 

In o rde r  for  the edges of the annular  slot  b_<r-<R, z =0 to be f r ee  of loads,  it is n e c e s s a r y  to impose 
with the components aij  (2), ui(2) which sat is fy  the conditions a state  

Z~) (r, O) (~) ~,  = - - ~ z ( r ,  0), b ~ r ~ R ,  u(z~)(r, 0 ) = 0 ,  O ~ r < b  (1.9) 

~(2). 0) 0, O ~ < r < R  r z  Jr, = (i.i0) 

z(2)~, z) 0, uC2 (R, z) 0, 0 ~<z < ~, ~,,, = = (1.11) 

on the s t r e s s - s t r a i n  state r , ui(1). 

Since the tangential  s t r e s s e s  (Trz (2) equal ze ro  in the z = 0 plane, the d i sp lacements  and s t r e s s e s  may 
then be e x p r e s s e d  in t e r m s  of just  one harmonic  a x i s y m m e t r i c  function q (r ,  z) [2] 

u~) o~(P = z ~ + ( t - - 2 v )  ~(2) 2Gz as~ 
, ~rz = arOzS (1 .12 )  

Here  G is the shea r  modulus of the cyl inder  ma te r i a l .  

Selecting the harmonic  function ~ ( r ,  z) in the f o r m  

0o 
R 3 ~ t B J  

q~(r,z) = 2 ( C - - v ) ~ 1 - ~  . 0(~.op)e-Xn ~ (1.13) 

we find that  the conditions (1.10) and (1.11) a r e  sa t i s f ied  identically.  Satisfying the conditions (1.9), we ob- 
tain dual s e r i e s  equations 

r 

Y, B j o  (~,.p) = ( i  - ,~) ,,, 

(1.14) 

~ < p < l  (1.15) 

where  

= b / R  

2. The solution of the dual equations of the f o r m  (1.14}, (1.15) has been obtained in [4, 5]. The p rob-  
l e m  of the impres s ion  of a s t amp  in the endfaces of a semiinfini te  cyl inder  [3] a lso  reduced  to analogous 
equations.  

Using the re la t ionship  

B,, = (t - -  v) mWoa J '  (~',,a) ~2so,(~. ) + B.* (2.1) 
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K ~ k le t  us r e p r e s e n t  (1.14) and (1.15) as 
c~ oo 

= L ~-L~_~ ~,,"3o,(~,,,) S~ (2.2) 
co 

. . . . / a ,  ~z ~ ,  B,,*Jo (~,,,p) = 0, ~ < p < l  (2.3) 

% Following [5], we obtain 

0 g.Z 0.r ~, B,~*Jo (~',P) = i d tg (t) at 0 ~ P < [3 (2.4) 

-o./5 By means  of the fo rmu la  defining the coef f ic ien ts  of the Dini ex -  
Fig.  2 pans ion we find 

B,~* = ~ .~ g (t) cos kntdt (2 
0 

Substi tut ing the e x p r e s s i o n  fo r  Bn* into (2.2) and taking into account  [5] 

�9 ~ Jo O,~,P) cos ~,,,t / O, p < t 
2 ~ ~'n "t~ (~'n) L (t, p) + ( (p, _ t~)_v, ' P > t 

(2.6) oo 

0 

we obtain a F r e d h o l m  in tegra l  equat ion  of the s econd  kind t o  d e t e r m i n e  the funct ion g(t) a f t e r  app ropr i a t e  
manipula t ion  [5]: 

~ g ( u ) K ( u , t ) d u - - ( i - - v )  W0a 2 ,9. 3~(~n~)cos}'nt g (t) = ~o m - 2 -  -'5- ~2'=~= ~.,~Vo'(~,.) 
t ~ ( 2 . 7 )  

2 d ! pL (u, p) dp 4 4 ~ Kl(~) 
K ( u , t ) = - E - ' 2 -  i t f~- . - .~  a = - E - + ~ - a  ~ ( ~ )  [2 l~ (~ ) - -~eh( t~ )eh (u~) ld~  

Here  I1(~) , KI(~) a r e  the modi f ied  Besse l  funct ions of f i r s t  and second  o r d e r ,  r e s p e c t i v e l y .  

To  eva lua te  the sum in the r igh t  s ide of (2.7), le t  us mul t ip ly  (1.3) by p ( t 2 - p 2 ) - l / 2  and le t  us in tegra te  
wi th  r e s p e c t  to p be tween 0 and t .  

We obtain 
~o 

2a ~, J,(7. a) sin k,,t { ]/'t ~ - -  a s (t > a) 

In tegra t ing  the l as t  e x p r e s s i o n  with r e s p e c t  to t ,  we find 

T h e r e f o r e ,  (2.7) b e c o m e s  

J, ( ~ )  cos ~,,,t 
2 ~ _ '  1 ~--~, (--~) = A ( a ) - - - -  

3"1 (~.,,a) 
A (a) = 2a  ~,nSJo ~ ) 

- g ( t ) = y g ( u ) K ( u , t ) d u - - ( t - -  ~ Won v , ~  [A (~ -~ ]  
o 

(2.8) 

(2.9) 

The  ke rne l  K(u, t) of (2.9) can be r e p r e s e n t e d  as  
oo 

K (u, t) = ~, b2m (u) t ~'n 

4 __ 

8 ~ L  
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oo 

4 bz.~ (u) = - -  .~- ~ T~m+~8-~u2S ~ (m = l, 2, . .) 
s=l (2m){ (2s --  2)I 

= ~ KI(~) gnd~ (2.10) 
_ o  ~ 2~'s! (s + t)! ' 

Numer ica l  va lues  of the coeff icients  T n a r e  p resen ted  in [41. 

Taking account of the expansion (2.10), the solution of the integral  equation (2.9) can be sought as 

g( t )  = ~ Q~rat ~ra (2.11) 
r t t ~ o  

w h e r e  the  coe f f i c i en t s  Q2m a r e  d e t e r m i n e d  f r o m  the  in f in i t e  s y s t e m  

Q,~ '] 
k==o 

C,~. o ----- l + ---~--) 2k -{- ! #'  (2,)t (2s  -t- 2k "4- i )  (k ---- 0, { ,  2 . . . .  ) 

4 ~ T~,~+~-~ ~+2s-~ (k ---- 0, t, 2 ... . .  �9 m •ffi t, 2 . . . .  ) 
g~t. ~m ----- ~ "~" ~ ,  (2ra)l ( 2 s  - -  2) (2k -4- 2s ~ t) 

a,,=l 

(ra ffi 0, i, 2 . . . .  ) 

�9 i, 
8 , #  = { 0 ' m = ]  

Using  (1.12), (2 .1) ,and (2.4),  we f ind  the n o r m a l  s t r e s s e s  in the  z =0 p l a n e  

a t d ~ tg(t) dt 
= v , w  - , O~p<:{3 

P 

where 

(2.12) 

(2:13) 

By us ing  (1.8),  (2.11), (2.13), we d e t e r m i n e  the  coe f f i c i en t  of s t r e s s  i n t e n s i t y  f o r  the  a n n u l a r  s l o t  

�9 m - -o  (2.14) 

K *  = K~ VT( 
qmWoR y' 

,~,,, (p, O) --- z(~ ~ (p O) (") , 4-o= (p,O) 

The dependence  of the  quan t i ty  K* on fl i s  p r e s e n t e d  in F ig .  2 fo r  d i f f e r e n t  v a l u e s  of a ( a  1 =0 .4 ,  a 2 = 
0.6, a 3 =0.8) .  T h e s e  r e s u l t s  show tha t  fo r  de f in i t e  r e l a t i o n s h i p s  be tween  the q u a n t i t i e s  a and  fl the  o r i g i -  
na t ion  of c o m p r e s s i v e  (K < 0) n o r m a l  s t r e s s e s  on the con t inua t ion  of  t he  a n n u l a r  s l o t  i s  p o s s i b l e .  
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